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Abstract s Laplace transforms are used to solve the diffusion equation 
for hole flow in the base of a junction transistor* Current transfer 
functions are derived for a planar^, homogeneous base transistor. In 
normalized forms 
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Expressions are obtained for the inverses of these functions for 
steps of input current <> In agreement with experimental results p a delay 
is found in the common base responsso This leads to a modification of 
the rise and fall time equations ©f Ebers and Mollo The common emitter 
switching times are found to agree quite well with Ebers and Moll* 

The storage times are found by breaking up the solution into its 
forward and reverse components and using the common base transfer func° 
tion for eacho This gives a storage coefficient involving co^^ osj, p«^ 
^j» ^wi) s^^ ^T which can be put approximately in the form of Ebers and 
Mollis result o The effect of ^ on Sitorage time is noted » 
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TRANSIENT RESPONSE OF JUNCTION TRANSISTORS»'-I 



INTRODUCTION 

The flow of minority carriers in a semiconductor is governed loj 
the same diffusion equation that describes heat flow except that a 
minority carrier can recombine with s majority earlier^ In this paper 
we shall follow the conTentional practice of considering the minority 
carriers to be holes ^ and the transistor to be pnp» The equations for 

electrons can be obtained by replacing p by n and q by «q» The 

1 
continiiity equation ' 



1 p 



r- 



cm sec 



(1) 



states that in a s 
entering minus those 
per second eqiials th 
equation states that th 
second is D « the diffu- 



x_ \X< 



ix^ the number of holes 
per second 9 minus the number recombining 

e of gr©T#fch of the hole density* The transport 
passing through the slab in a 

eonetantp times the slope of the hole 



dpCxjjt) 



1 



cm sec 



(2) 



¥e now differentiate (2)^ aiubstit-ate this in (1) and obtain the dif« 

fusion equation^ 

2 
d p{X|,t) pfet) 

T 



This is a ©ae-=dimensi0nal 

considered to be parallel and 

and parallel o The assumption 

in a; parallel plate capacitor 

equation we take the Laplace transform with respect to time 



IS B 



ation in which a£Ll hole flow is 
r and collector to be planar 
omewhat like neglecting fringing 
e this partial differential 
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2« 



B, . ^ " — -— « ffi P(%x) * f (x,©) (M) 

T© facilitate solution pCx^©) is set t© aero, wMeh means that the 
soltiii^a will start from rest and rise to the final valme« Equation (It) 
Hiay b€J ptit in the forms 

d^F(six) p 

- f'^PCs.x) » (5) 

dx' 



■where /• ' 



££. 



idth solutions 



P(ssx) » ASinhPx * B CoshTx 



(6) 



COMTON BASE ACTIVE SOLUTION 



To make this transient solution fit physical problems we must 
add or subtract it from another solution i^ich represents the initial 
conditions* This may be thought of as two transistors in parallel, one 
representing the initial conditions and the other the transient solution* 

1(G) 
e 




The hole density plot is a -useful device for Yisualizing the transient 

2 
response* By (2) the current is proportional to the slope of the hole 

density^ Equation (3) shows that in the steady state ^ any eiarvature is 

due to reconibination*, 

Bwitter efficiency^, ^ ^ is the ratio of the hole current at x « 

to the current in the endtter leado It in a function of the emitter hole 

density but -will be assumed to b@ constant in this analysis o 



^I 



^" 



^,^1 



>N 



~>"" 



\ 



-i^ 



i(tow) 



the fraction ^ of the actual 



The above diagram represents the effect of the eirdtter efficiency* Only 

itter cmrrent reaches the emitter of 
vertical lines are electron current to make 

the device obey Kirchoffs eurreiit law© 

In the active region the collector is reverse biased and the hole 
density there is z®3re« Thus the boundary conditions on (6) are 



L\ X _ 



^f\.' 



(7) 



Tlie constants k and B may be found griving 



/-^ ^e V 



P 



r 9i- 






(8) 



The collector current is obtained by appljring (2) -bo (8) and setting 



I(s«w) ^ 



^■^«a ^y 



Coshrw 



(9) 



The inversion of this laplace transform if the solution for the 
collector carrent as a fur|ction of tiine. To do "(ihis we imist expand {9) 
in a partial fraction expansion which is actuallj^ d one by finding the 
residue at each poleo To facilitate the solution two theorems from 

I«aplace transfoiro theory will be used J the shift of poles in the s plane^ 

3 
and the time scale ehange<» 

Replacing s by s - -— in the s domain multiplies in the time 



domain by @xp(*-;^)o Multiplying s b j -f- in the s domain multiplies 

«*„ *^ ysp 

t by •' m^ ' ■ in the time domaino 



i(t,w) - a ^ ol^ 



w? 



(s --^ Cosh-^ 



IT" 
P 



lifpw) * « ^ ^Tv 



^ - ' ^^e ^ 



where A * -*fr*° s L « ® "fl 

D p p p 

B 

T « --£ t 
w 

This has poles at )\ » ^»- and Cosh-A * Cos-^Z-T * 

or \ f 2n "^ 1 \2 2 w « i <* /•!■>»% 

P 

Figo l^is a plot of the poles in the >) plane* To avoid appear- 
ing to have a pole in the right half plane, i^iich would lead to a grow- 
ing exponential^ the poles have been shifted back by s « -:ar- or 
)\ « 4?c«>o The residue at any pole is proportional to the product of the 
reciprocals of vectors drawn to that pole from all others* Because of 
the proximity of the pole at the origin to its neighbor, these two terms 
dominate all the rest* Hote that the residue at the first poleflpom the 
origin is negative because one vector points in the negative direction, 
and is larger than the residue at the origin because the pole is closer 
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5* 



to the outer poles « Neglecting all poles but the two^ we might expect 



this: 



r(T«M) 




Since ($) requires that the function staiii at zero the effect of the 
neglected poles is gust to alter the response near zero as shown by the 
dotted lineo 

The inversion of (lO) is accomplished fis follows: 



w 



Ux 



^^e% 



(1^) 



:^ ^i, "^^^^^ (^)V ()) --H^) GoshVy 



^p 



\ W N W 

Multiplying through by /^ ° -«°^ and letting /) —t*-— » we obtain 

L L 

P P 



G®sh 



e N '^N 



(13) 



'M 



IS the 



emitter current gain* . The N stands for 
inverted current gains*, In a sindlar 



confused with the common 

as we later consider the 
Kp can be obtained » Thus 



l(T,ir) _ , 1 li < (-1)° 




e 


Let p ^ 1 ajnd neglect all terms but 


1 

(2n*lJ 

tWOo 



"/2n«(i^lv2 2 . w^ 



%2 2 w^ "L 



(lit) 



si^hms 






f 



(15) 



In fig « 2. are plotted the exact expressiea aad the two term approximation 
for f * lo 

In the same manner the inverse of (8) may be found* 



qD ?(T,x) ^^"^^ r^^ " i^ 



p 



18 J (-1)" sm (i|:i)«(i . |) 



F7 



^P 



>)S'tf 



P 



(16) 



This is plotted in Fig» 3 for p ~ lo 

^en the change of epitter c»rrent^ ^ I ^ is a positive step^ the 

transient collector ctirrent^ i(T^w)^ is added t© I (O) times the steady= 

■ , ' e 

state cmrre^t gain %<> 




AI 



%IeC0) 



When ^I is a negative step^ i(T|,w) is subtracted from 0LjIg(O)« . 
If Q£«^I is larger than glJ (O)^ as is nsmally the case dtaring ttarn-offj 
the so3.mtion is valid only for positive cmrrents as the emitter cannot 
emit backwards, 

Vjo) 
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Mptu^llj the fespoiise near zero is ap approximation because 
negative hole densities are assmsed, an iinpossibilityo Below are shorn 
the hole deiipity plots from i*iich the above cidhre is obtained by msing 
(2) at the (jipllectoro 





While the slope at the collector is still negative^ and collector current 
still flows> the hole density at the emitter is negative » This difficnlty 
also arises in the derivation of siritching timesvby Sbers and Mill- • \, 

The acstmal effect may be similar to this, however* When the emitter 

hole density reaches zero, an avalanche or punch throiigh effect cam take 

place which tends to move the emitter Junction boundary toward the 

collector* 

The rise time, t , is defined as the time; for the collector cur- 
o*^ 

rent to rise frpm zero to 0«9 of its final value^, I ^, which eq^ls 
the collector supply voltage divided by the. collector load resistance o 
This assui|es zero emitter-eolleGtor voltage^ a good approximation for 
supply voltages over one volt* 

^^- ' -^e 

■ ^ . i^ 




c sat 



0.9 I 



c sat 



The rise time may be f ound by using the abovef igure and (15) the 
two term a pproximation» 



^^91f 



%« 



n 



Ve(l - 1 «' ^ ') 



0.9 I 



e sat 



T • --$ t 

© __2 



© _2 IT 

w ft 



I. - 



0»9 c sat 

«1I 



(17) 



Ebers and Moll obtained 



B 

P 1. 
T^ --^t-^ln 



0*9 I 



^e - 



c sat 



2 D 



•with 



w 



ir 



T 



(18) 



by using (1 - e ) instead of (1 *- -^ e ^ )* TMs restilts from 

a$stuBing that the hole density plot. (Fig* 3) consists of straight lines*' 

fheSecmrves are collared in Fig* 2» In (17) the effect of the delay is 

incorporated in the ^ while (18) permits zero flse time for infinite I^* 

w e 



For the fall titte the following curve i$ obtained^ 




A 



c sat 



% 



^T 



e 



%^ 



♦ I 



c sat 



0*1 I 



c sat 



ThES 



"c sat 



e2 * -^c sat^^-^Ti^ 



') - 0*1 I 



c sat 



Tg « -| tg - ^ In ^ 



w 



k ^^k h sat * %^e2 



« °-^ ^0 sat * °^e2 



as eOBipared td.thfKDers and Moll »f relation, 



6M-4933 



D 



"f"*2 



2 ^r "2 

w 






e2 



'c saub 



«? 



e2 



% 
(21) 



COMMON EMITTER iCTIVB SOIJJTIQN 

The common emitter configuration is the usual one used because 
of its high current gain and phase inversion property^ M step of base 
current, Al. is applied* 



^h* f 




The boundary consitions on (6) are now 
''p(s^ir) « 



with solution 



and 



P(sox) 



I(s,w) 



l(s,0) «Vjj(«^ * I(s,w) ) 



^•^b^N SinhP(w-x) 
qD P s (CoshPw - r^) 



^^N 



s (Gosh/^w - ^J) 



(22) 



(23) 



(2W 



lifter normalization and a shift of poles in the plane> (2li) becomes 



w 



-/ 



i(T,w) - e P J^ 






(25) 



(?) -H^XcoshT^ -^J 



N^ 



P 



2 
fhi^ has poles at 7\ « -^ and >t CoshVh « Gosy^ ■» ^^ 

p 

l/-^ - ii2w t Gos"Vjj 

fkas 

2'' -■■ ■ 
^ -^, -(a2tr t Ggs'^^STj^)^ (26) 

p n « 0,1,2, ••♦ 

Fig« 1(b) is a plot of the poles in the )\ plane* The poles have 

2 2 
been shifted back by w /L as before <> Because of the closeness of the 

first two poles compared with outer ones, they may be neglected to a 

Much better approximation than in the common-base solutiono The response 

is then 

A T 
i(T^w) - K^(l - e^ ) (27) 

where K. is the residue at the origin and)^- is the location of the first 
pole from the origin* 

2 

)\^ - -(Cos""^ ^jj)^ -H^ (28) 

P 
But by (13) and the power series for Gosh x, we have 

1 -v ^ 

Cosh a— » 'S' " 1 * — — !f 

^p P 21.^ 

p 

K « 2(| - 1) (29) 



Similarly 



Gos/v f^r^- 1 --^4-^ 



<Cos"'\)f« -2(1*2'^) (30) 



So (2S) becomes 

1 .% 2 



;^^«-2(l.yj,*i.lV--f(l-aj,) (31) 
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He 



and after neglecting tihe factor -^ and using (19)* the result of Ebers and 
Ifoll is obtained 



h ^ " -2(l-cx^) « - ^ ©(l-Oj^) 

P 



(32) 



The validity of (2?) maybe checked by taking the inverse of (2i|.) 
with y„ - 1<» The residues at the first two poles lead to a delay (T " .1 

Fig» 2) of l/l2 which is very small with respect to the normalized time 

■ 1 
constant of the exponential of ^r-y^ — ')*> 

The normalized rise and fall times may be obtained in a manner 
similar to the common base derivation using (2?) instead of Cl^)» Thus 




D 



T « -8 t 
o 2 ( 
w 



2(1- 



I, 



In 



I^ - 0<,9 ^^ I 



l~g|. 
(i^ c sat 



(33) 



and similarly 



D 



^2 --I h 

w 



c sat 1-gLt o'i 



2(1-0-,) 



In 



% 



^••^ ^c sat * T^ \2 



1-^ 



(31*) 



GOMMDN GOLLEGTOH ACTIVE SOLUTION 



The transient emitter current is obtained by adding I^^ to the 
transient collector current obtained in the common emitter solution* 



i(T,w) «AI 



b 1- 



(1 



=2(l^ajj)' 



>*^^^^^ 



=2(l«.a^)T 



(35) 
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12. 



the rise and fall times laay jaow be obtained iii the same manner as before* 



T * -I t « 
© 2-0 



w 



D 



T2--|t2 



2(l-ajj) 



2(l-)it|g) 



In 



%\ 



h - Q- 



e sat 



In 



V^e sat * i::ir,-^2^ 

N 



0.1 I 4. >^ T=- 
e sat 1-c 



-^2 



(36) 



(37) 



SATURATION SOLUTION 

In the satmration region the collector current is limited by its 
saturation value^ I sat* "^^^ collector junction becomes forward biased 
and the hole density at the collector is no longer zero. The steady- 
state and transient solutionf may be represented as two parallel traasis- 
tors as before^ 



1^(0) 



c sat 




It is seen from the above figure that /i I ^^1,^ therefore the solution 
is valid for all three circuit configurations* The boundary conditions 
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13. 



on (6) are 



with solution 




^^b^e/N 



^^u « V 



P(s,x) - ^ b,e^NCoshP(wx) 



and 



q D r s Sinh/^w 
P 



(38) 



(39) 



P(s,w) 



^Ve^N 1 



q D r s SinhPw 



iko) 



as has been previously obtained by Konkle. 

An important effect has been neglected, however. The collector is 
forward biased and is emitting holes with efficiency Yj* To take account 
of this, the transient solution is broken up into two active solutions 
in the manner of Ebers and Moll. 



^I 




The actii/e region hole density plots may be replaced by the transfer 
functions derived in the common base analysis. 
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llt# 



^^e 












s 
— ^ 


^I 




o 




Cosh.f w 






















b 




^I 










CoshTw 




















1 


i s 





Til 



^H^I 



Cosh Pw 



I.(s) 



Ig(s) 



^K 



Cosh/^ 



w 



h^'^ 



Al ^„ Cosh/^w 
e N 



\ h 



s (Cosh^Pw - Yj^Yy) 



(.m 



The hole density at the collector^ P ^ may be found rising (8), 



Ig(s) Yj SinhPw /\I gr^rj Sinh Tw 

p ( S ) s i ,1 .iiMii s .,.,1 ■ ' -1 II 'i I 'i ^^ II II 

^ q D P GoshPw q D Ts (Cosh^/^w - t^^C) 

^ p ^ p ^ N I 



(k2) 



This reduces to (ii.0) for y„ » ^^ ^ 1<, Mter normalization and a shift, 
the poles are found to be at 

2 
h » ^ and Gosh-/?r ^ Gos-fh « *"/^||^t 



P 



oT-fK ^ (ntr t Cos"" /Ov) 



H'l' 



thus after a Shift baek^ the poles are located at 



-1 



.2 w' 



2 



>\ « O5 -(ntr t Cos V?^) - -S^ 

P 



n « 0,1,2, ••* 



(1*3) 
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15. 



Similarly (h2) has zeros at 



IT 

P 



(Ul*) 



The pole-zero plot of (h2) is shown in Fig. 1(c). 

The analysis now parallels that involving (2?) through (32) with 
Kg replaced by-y^^Z.. This leads to 






j„' Dp — -N V y^ 



(1*5) 



This differs from Ebers and Moll»s expression 



<V>i 






(Ii6) 



In order to take into account deviations from the one-dimensional 
planar traisistor, they c onsidered the iiiirerted transistor to have a 
different than the normal one* This can also be done by considering 
two one-dimensional transistors having different base widths. 
I 



s 

> 




^N 










CoshPjjWjj 
















A 














Cosh P-Wj 










p 












a 


^ h 





Thus (1*2) becomes 



P,(s) 



A I y«^ Sinh PtWt 
e N I II 



q D Pj s (Gosh TjjWj, Cosh T^Wj - yj,Jj) 



(U7) 



SM-^m 



16. 



w 



It does not help here to shift the poles by -** because it is not efaal 

P 
in the inverted and normal directions. Equation (it?) has poles at 



2 1 2 



GoshA^Cs^ * f )(#-) Cosh y (S3_ ♦ 1 )(^) « ^^Yj 



ihn 



1 * 'I /"p I "^ 'I ""p 

Using (19)9 (2^)^ and tw5 terms of the power series for Gosh x, we obtain 



<Vi 



f- 



1-Pi 



1-p, 



:^i ^ -^Vc^>p ~ (^- pj^^^^ ^1^1^' r^^^ 



V ^W^l 



J 



% * ">I^ 



1 - (1-[1-P^])(l-[1-Pj]) Jf^^ 






(U9) 



illthough it does not enter into the expression for storage t ime, 
the value of coliec tor hole densitj finally reached with input ^I^ is 
obtained by finding the residue at the origin of (i|.7)o 

s-t 



P^ - K^^d - e ^ ) 
\ q D 



^^e.b '^ 



P 



^ -Vi 



(50) 
(51) 



The storage tlBie 3, t.., ^s obtained in the same manner as the fall 



times < 



Al 



,b K^ 



c sat 




Common Base 
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(Q^ * (Oj I -> ♦ I - 

n^a **" c sat^ a« ^ 

t^ ♦ ca- I, « ♦ L - 
t_ - ".- ^ . In -^^= 2± (Common Collector) (^it) 



If (i^^) were tised instead of (1*7), the time constant term in the 
above equations wotild be 

1 (55) 

By making Vj as small as possible, storage time is reduced without 
affecting the response in the active region. After assuming y^ equals 
one, the factor 1 

is plotted vs ^j in Fig, k with a« as a parameter. The effect of ^j 
on the storage time is quite apparent. 

SUMMARY 

Previous works on junction transistor transient response have treated 

it as an extension of small signal theory. The hyperbolic expression 

for p 

1 
^ ~"5 

n u W ^ W 
UOSn |r^ S ♦ -75' 

P I* 
P 

is approximated by various poli^omi^ls in joa in a sinusoidal analysis. 
This expression is then used to obtain the transient response. 

In this paper the hyperbolic functions are solved dii»efetly by 
Laplace transforms* This leads to a modification of Iber^ and Mollis 
switching time equations for common base operation. The l|yperbolic 
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18c 



expressions with common emitter operation and in the storage region 
are a Iso solved directly^ The restilts agree qtiite -well with Bbers 
and Mollo Other forms of the results include explicitly the emitter 
efficiencies* 
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